









































Perturbation Theory and the Aharonov-Bohm Eect
by
C. R. Hagen




The perturbation theory expansion of the Aharonov-Bohm scattering amplitude has
previously been studied in the context of quantum mechanics for spin zero and spin-1/2
particles as well in Galilean covariant eld theory. This problem is reconsidered in the
framework of the model in which the ux line is considered to have a nite radius which
is shrunk to zero at the end of the calculation. General agreement with earlier results is
obtained but with the advantage of a treatment which unies all the various subcases.
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I. Introduction
The Aharonov-Bohm eect [1] is generally considered to be among the more intriguing
predictions of quantummechanics. One particular reason for this is the fact that it requires
that the potential itself be viewed as having a physical signicance which transcends its
role as a mere mathematical construct for the calculation of a classical force. However,
there are also some mathematical aspects of this phenomenon which are quite intriguing.
Not the least of these is the study of the scattering amplitude in perturbation theory as
was pointed out [2] some years ago.
In order to understand the nature of the diculty it is convenient to refer to the wave
equation for the partial wave f
m




















where  is the ux parameter and k
2
= 2ME with M the particle mass and E its energy.
If one applies standard techniques and invokes the condition f
m
(0) = 0, it is found that














This result is somewhat disturbing since it implies that the m = 0 contribution to the
scattering amplitude is of order  even though the m = 0 potential is proportional to the
square of the ux parameter.
This aspect was examined in some detail by Aharonov et al. [3] in the framework of
a model in which the solenoid was made impenetrable and of nite radius R. Although in
the limit R! 0 the exact solution for nite R was found to become identical to the usual
Aharonov-Bohm (AB) amplitude, to any nite order in  the solution took the form of
a complicated expansion in powers of `n(kR=2). The results of ref. 3 were obtained by
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retaining only that part of the m = 0 wave function proportional to J

(kr) and discarding
terms involving the solution N

(kr) which is singular at the origin. The impropriety of
ignoring that part of the solution has been remarked upon by Nagel. In fact the inclusion
of such terms aects the quantitative, though not the qualitative, results of ref. 3.
In fact one can anticipate on the basis of fairly general considerations that any per-
turbative expansion must experience some diculty. To this end one refers to the (slightly















where the incident wave is assumed to be from the right and N is the largest integer in ,
i.e.,
 = N + 
with
0   < 1 :









(i tan=2  ()) (2)
where
()  =jj :
Evidently, the second term in (2) (which arises from the m = 0 wave contribution to the
amplitude) is nonanalytic in , a fact which can be expected to complicate any perturbative
expansion of the amplitude in powers of .
In order to display most eectively the problems associated with a perturbative ap-
proach to the Aharonov-Bohm eect, it is crucial to use a unied model which allows one
to consider simultaneously both the spinless and spin-1/2 cases. The details of such a
model are presented in the following section. Since it is known [6] that the lowest order
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Born approximation works well in the spinor case, it is important to establish that the
model agrees with that lowest order result and also that it accounts for the diculties of
the spinless case noted in refs. 1-4. In sec. 3 this program is carried out. It is shown
there that the perturbative expansion works to all orders in  in the spin-1/2 case for both
spin orientations and also that there exist logarithmic singularities in each order for the
case that there is no spin degree of freedom. In the Conclusion some general observations
are presented and contact made with results which have been obtained in the context of
Galilean eld theory.
II. The Finite Radius Flux Tube Model
It has already been noted that the perturbative treatment of the AB eect given in
ref. 3 was based on an impenetrable solenoid of radius R. Thus the wave function which
solves Eq. (1) is a combination of the regular Bessel function J
jm+j



















In the case of AB scattering for spin-1/2 particles, however, it is well known [7] that for a























(r) = 0 (3)
where s 1 is the spin projection parameter. The delta function term evidently describes
the interaction of the particle's magnetic moment with the magnetic eld of the ux
tube. If one were to adopt the impenetrable solenoid model of ref. 3, it is clear that the
magnetic moment term would be rendered ineective and there could be no spin eect
whatever. In view of the desire expressed here to develop a unied approach which will
accommodate both spin zero and spin-1/2, a rather dierent model (or regularization) is
therefore required.
Such a model has in fact been presented in the context of obtaining the solution of
the spin-1/2 AB scattering amplitude [7]. It consists of replacing the zero radius ux tube
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by one of radius R, with the additional condition that the magnetic eld be conned to
























(r) = 0 (4)





Since the ultimate interest here is in a perturbation expansion, there is no need to consider
any partial wave except m = 0, the only case in which a perturbative failure can occur.














for r < R. It is to be understood that even though  can be of either sign, it is al-
ways to be taken to mean jj when used to denote the order of a Bessel function. Also
worth mentioning is the fact that although the calculations of ref. 7 based on this model
used the functions J
jm+j
(kr) to describe the r > R solution, these are an inappropriate
set for a perturbative analysis. The latter must maintain consistency for  ! 0, a re-
quirement clearly violated by the functions J

(kr) which become identical in that limit.
From (4) one obtains the continuity relations
f
0











































































Since one is interested in the R ! 0 limit, it is permissible to drop all terms which dier













In order to make contact with perturbation theory one notes that the m = 0 contri-












with the rst term in (8) arising from the incident plane wave. Upon comparison of (5)






Use is now made of the fact that f
0



































where the Green's function g(r; r
0









































































The result (9) together with (7) allows one in appropriate limits to establish the
properties of the scattering amplitude as a function of  and R for both the spin zero and
spin-1/2 cases. For the latter one considers both s = +1 and s =  1 while in the spinless
case one merely has to set the spin parameter s equal to zero. The results in these various
cases are presented in the following section.
III. The Perturbative Expansion
Since the spin-1/2 case is expected to have the fewest complications in perturbation
theory, it is natural to begin with that example. One also anticipates on the basis of ref.
7 that the repulsive (i.e., s > 0) delta function will be particularly simple. Indeed, from
























































  1) : (11)
The most signicant aspect of this result from the present perspective is that the depen-
dence upon R has vanished since the leading term in kR goes as a positive power of kR
greater than one. Had that power instead been proportional to  an innite series in
`nkR would have been encountered in perturbation theory. In fact each of the two terms
in (10) contains a term proportional to (kR)

and it is only as a consequence of a delicate
cancellation between the spin term and the non-spin term that the R independent result
(11) is obtained.
Somewhat more intricate is the attractive case s < 0. In this circumstance applica-
tion of (7) yields the result
B=A =   tanjj: (12)
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Again, a signicant cancellation of spin dependent and spin independent terms has resulted
in a disappearance of R dependent terms to the order required.















It conrms the lowest order Born approximation result of ref. 6 by virtue of its indepen-
dence of the ux tube radius as well as by its analyticity in the ux parameter. Clearly,
perturbation theory works to all orders for spin-1/2.

























































which is precisely the usual m = 0 contribution to the spinless AB scattering amplitude.
As expected, it coincides with (11), the result in the spin-1/2 case for a repulsive magnetic
moment interaction.
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On the other hand an expansion of Eqs. (14) and (15) in powers of  is plagued with

















where  is Euler's constant. It is a curious fact that that this happens to agree to lowest
order with the result of ref. 3 despite the fact that the model considered there is physically
quite dierent. Also relevant in this context is Nagel's observation that the lowest order
result of ref. 3 is too large by a factor of 3.
IV. Conclusion
In this work the perturbative expansion of the AB scattering amplitude has been con-
sidered from the viewpoint of the nite radius ux tube model. The latter has successfully
been applied in the past to the problem of calculating exactly the AB amplitude for both
spin zero and spin-1/2 scattering. Thus it is not surprising that it is also able to deal with
the perturbative approach to this problem. In the spinor case the lowest order result of ref.
7 has been conrmed and extended to arbitrary order in . For spinless particles it has
been shown that the AB amplitude is an innite series in `nkR which can be summed to
give the known form of that amplitude.
It is also appropriate to discuss briey the relevance of this development to the cor-
responding problem in Galilean eld theory. The framework for such an approach was
provided in ref. 9 which formulated the Galilean covariant gauge theory of the Chern-
Simons interaction. Because of the superselection rule on the mass, it was shown there
that one could approach the problem of calculating an arbitrary scattering process by
restricting consideration to an N-body sector. This allowed one to derive a Schrodinger
equation for the N body problem with each pair interacting as zero radius ux tubes.
Thus the eld theory sector by sector is formally equivalent to obtaining a solution of a
conventional Schrodinger equation. However, once that set of Schrodinger equations is
obtained, it is necessary to give it a precise meaning by either stipulating a set of bound-
ary conditions or by regularizing the interaction. In the latter case one can invoke the
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impenetrable solenoid of ref. 3 or the nite radius ux tube model of ref. 7. The latter,
of course, is more exible since it allows for the accommodation of spin. In view of the
equivalence between the eld theory and the Schrodinger equation approaches, it is clear
that all the calculations of this paper apply to both domains. What would be interesting
and worthwhile in this context would be to write the eld theory of ref. 9 ab initio in such
a way that the methodology of the nite radius ux tube method is built in at the start.
This can presumably be done by a point splitting denition of the current operator, but
has not yet been carried out.
Another way in which one can approach the eld theoretical approach to the AB
scattering calculation is to determine the propagators of the theory and subsequently use
them to carry out perturbative calculations. This has recently been done by Bergman et
al. [10] who nd that for spinless particles the AB amplitude is logarithmically divergent.
On the basis of renormalizability considerations they argue for the inclusion of a contact
interaction which allows the logarithmic divergence to be eliminated. Since the latter type
of interaction is formally identical to the s1=r(r) term of the Schrodinger equation for
spin-1/2, it is clear that the cancellation found in ref. 10 to lowest order coincides with the
repulsive (i.e., s > 0) case of the preceding section. It is interesting to note, however, that
the case s < 0 also leads to such a cancellation. This has been shown here in general and
can also be veried using the lowest order calculations of ref. 10. In that work the choice
of a repulsive contact term was made in order to obtain agreement in perturbation theory
with the AB amplitude. The opposite choice is, however, equally allowable and gives not
the AB amplitude but rather an AB-like amplitude in which jj is simply replaced by its
negative in Eq. (16).
A nal comment (which applies to the sector-by-sector approach as well) has to do





potential. These were shown to cancel unambiguously in the nite radius ux
tube model. However, in the calculations carried out in ref. 10 it is reasonable { but not
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compelling { to identify the cutos associated with the two parts of the interaction. If their
ratio is dierent than unity, one must have additional nite terms in the amplitude which
destroy the exact agreement with the perturbative AB amplitude. Thus in the absence of a
Galilean eld theory which is well-dened (i.e., unambiguously regularized) at the outset,
the perturbative approach to AB scattering must remain only inadequately understood in
that case relative to the corresponding quantum mechanical result.
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